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Efficient methods for solving discrete topology
design problems in the PLATO-N project

Nguyen Canh Nam* Mathias Stoplef

October 1, 2008

Abstract

This paper considers the general multiple load structural topol-
ogy design problems in the framework of the PLATO-N project. The
problems involve a large number of discrete design variables and were
modeled as a non-convex mixed 0—1 program. For the class of prob-
lems considered, a global optimization method based on the branch-
and-cut concept was developed and implemented. In the method a
large number of continuous relaxations were solved. We also present
an algorithm for generating cuts to strengthen the quality of the re-
laxations. Several heuristics were also investigated to obtain efficient
algorithms. The branch and cut method is used to solve benchmark
examples which can be used to validate other methods and heuristics.

Key words: Topology optimization, Branch and cut, Stress constraints,
Reformulations, Relaxations, Heuristics.

1 Introduction

We present a special purpose method for solving mixed 0-1 structural topol-
ogy optimization problems that have arisen in the PLATO-N project (]9, 17])
to global optimality. These problem were solved by a finitely convergent non-
linear branch and cut method, which is an exact algorithm consisting of a
combination of cutting plane method with a branch-and-bound algorithm.

Mixed 0-1 optimization problems are often solved by a convergent de-
terministic branch-and-bound algorithm, since this guarantees global opti-
mality [18]. In such a method a large number of continuous relaxations
are solved. Branch-and-bound method have been successfully used in sev-
eral cases of topology design optimization, see [4, 23, 21] and references
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therein. In our study of the structure of the problem considered, suitable
relaxations are proposed. Tight lower bounds given by relaxations means
that the algorithm can be accelerated significantly. In this work, we used
various reformulation techniques presented in [17, 9], which are suitable for
implementation in a nonlinear branch-and-cut framework for solving the
class of problem considered, and these give different relaxations with their
lower bounds that will allow the solutions of these problems in reasonable
computational times.

But branch-and-bound approaches result in slow convergence for the
class of problems considered. One way to strengthen the representation of
the original problems is by introducing valid inequalities and cuts. A pure
branch and bound approach can be considerably accelerated by employing
of a cutting plane scheme, either just at the top of the tree, or at every node
of the tree, resulting in a branch-and-cut approach, [19]. The cuts lead to a
considerable reduction in the size of the tree. We therefore investigate types
of cuts which may advance the optimization, namely the recently proposed
Combinatorial Benders’ cuts (see [10, 15]) and a simple cut that we call a
functional cut.

Finding good feasible points is important when trying to solve this class
of problems to global optimality. Therefore, for large and/or hard prob-
lems, branch-and-cut can be used in conjunction with heuristics to obtain a
good and possibly optimal solution. We present several heuristics which are
suitable for implementation in a branch-and-cut framework for these classes
of problem. These heuristics are a generalization of the ideas proposed in
7,13, 12, 3].

The rest of the report is organized as follows: section 2 presents the
problems considered in the project. Section 3 discusses about the relaxation
and reformulation techniques and the branching procedures used. Section
4 is mostly about cutting planes. Section 5 motivates the proposed heuris-
tics. Section 6 is devoted to design and implementation aspects. Numerical
results are showed in section 7. Finally, we end the report with some con-
clusions and outlines of future research.

2 Problems considered

In practice, topology design problems are treated by discretizing the design
domain into a large number of finite elements. The elements are used to
describe the topology and to compute the objective function (weight, com-
pliance, etc) and the constraints (bounds on displacements, stresses, etc).
We start with a set of n finite elements in two or three-dimensional
design space with appropriate support conditions, see e.g. [5]. For a given
vector x € IB™ of design variables the symmetric and positive semi-definite
stiffness matrix of the structure in global coordinates is denoted by K(x).



We assume throughout that the stiffness matrix K (z) depends linearly on
the design variables z, i.e.,

K(m) = KO + Zn:ijj (Al)
j=1

where
xj Kj (AZ)

is the symmetric and positive semi-definite stiffness matrix of the j-th el-
ement and Kj is a given symmetric positive semi-definite matrix (possibly
equal to zero). The design variables are interpreted as

. 1 if the j-th element contains material, and
771 0 otherwise.

Here, d denotes the number of degrees of freedom of the structure after the
deletion of fixed nodal coordinate direction.We consider M static load cases
where the loads are given by the vectors

fiyeo oy far € RO\{0} (A3)

in global reduced coordinates. The elastic equilibrium equations for the
structure subjected to the static external load vector fj is assumed to be
given by

K(x)ug = fi, k=1,...,M,

where u;, € IR? denotes the nodal displacement vector corresponding to the
external load fi. The density p; for the j-th element is assumed to be
strictly positive, i.e.,

p; >0 Vji=1,...,n, (A4)

and we assume that the weight (or volume) of the structure, described by

x, is given by
n
> wip.
j=1

The first problem formulation which is considered for the branch-and-cut
method is the following minimum weight problem with constraints on the



compliances, the nodal displacements, and the local stress

n
minimize E Tjpj
z € R, =
ug,...,upy € RY

(WP) subject to K(x)uy = fr Yk
flu <7 Yk
up Wiug <° VkVjiz;=1
u<up<7u vk
Ax <b
x € {0,1}".

The compliances are bounded by the given scalars
¥.>0 Vk=1,...,M. (A5)

The stress constraints are described by the given symmetric and positive
semi-definite matrices W; € Sﬁlr and the stress bound

>0 . (A6)

The matrix A € IR™*™ and the vector b € IR™ can be used to model
demands on the connectivity of the structure. Within the branch-and-cut
framework this pair is used to store the cut pool, i.e., a collection of linear
valid inequalities and generated cuts.

The second problem formulation considered is the minimum compliance
problem with a weight (or volume) constraint and constraints on the nodal
displacements and the local stress

M
o 1 T
minimize = E fr g
z € R", 2 el
u,...,uy € R? o

(CP) subject to K(xug=fr VEk

n
> @ipi <V
=1

u{Wjukgﬁz VkVjixz;=1
u<up<Tu vk

Ax <b

x e {0,1}".

If the local stress and nodal displacement constraints are removed from
(WP) and (CP), two special cases are obtained. The resulting problem
classes, which are interesting also in their own right, are relaxations of the
original problems. Any relaxation of these problems also give rise to relax-
ations of (WP) and (CP), respectively. In the branch-and-cut framework,



we also consider the minimum weight problem with compliance constraints

n
minimize E x;pj
z € R™, =
ug,...,upm € RY

(\7\7\15) subject to K(z)uy = fr VEk
flue <9 Yk
Ax <b
xz e {0,1}".

and the minimum compliance problem with weight constraint

M
. 1 T
minimize = E fi ug
z € R™, 2 1
ul,...,uMele o

(é\f’) subject to K(z)uy = fr Yk

n
> @ip <V
j=1

Ax <b
xz € {0,1}".

3 A Branch-and-Bound algorithm

In what follows we describe two basic operation in a branch-and-bound
algorithm that solve the problems considered to global optimality. These
two operations are bound estimation and branching procedure.

3.1 Bound estimation

At each node along the search tree a relaxation need to be solved to obtain
a lower bound. In consequence, a possibly large number of convex, or mildly
non-convex, continuous problems are solved. These problem are obtained
by relaxation and reformulation techniques.

3.1.1 Reformulation of first continuous relaxation

The continuous relaxation of (\W) is obtained by relaxing the constraints
x € 4{0,1}" to x € [0,1]". Reformulation techniques will be applied from the



resulting problem to obtain an all quadratic program as following, see [17]

M T ,_
Z ay, Ve fE\ (o
minimize 2k fr Ko 2k
ar € R,z € Rd, kle T
neRT,EeRY +n b+ e
M
(W-Q2P) subject to Z z,{szk - a;*-rn —& < pj Y j
k=1
n=0,§=0.

which fails to be convex but from a KKT point of (W-Q2P) we can get an
optimal solution of the continuous relaxation as in the following lemma.

Lemma 1. Let (aq,21,...,anr,20m,10,€) be a local or global minimizer of
(W-Q2P) with oy, # 0 for k =1,..., M and corresponding Lagrange multi-
pliersy € R}, 7 € RY, and 0 € RY'. Then (x,u1,...,un) is optimal for
continuous relazation of (WP), where

r = ytz
U = —zk/ak k:1,...,M.

The proof of the Lemma 1 and additional results can be found in [17].

We get similar results when applying these techniques to the continuous
relaxation of (CP). Nevertheless, the resulting all quadratic (C-Q2P) is a
convex problem (613), see [2, 3],

1 M n
1 _ T
minimize 2 Z Kouk Z T
ap € R, 2z, € IRd, k=1 Tk 1
neRY, &€ R +AV —rTe + by
1 M
(C-Q2P) subject to 5 —Apj + 1 — a;rn <0 Vj
r < )\ >0,m>0

A lemma concerning the coupling between optimal solutions of (C-Q2P) and
continuous relaxation of (CP) follows

Lemma 2. Let (uq,...,upr, A\, n) be optimal for (C-Q2P) with corresponding

Lagrange multipliers 7;, j = 1,...,n, for the quadratic constraints . Then
(x,u1,...,upr) is optimal for continuous relaxation of (CP), where
T=x+T



3.1.2 Second relaxation

The second class of relaxations of the discrete problem (WP) follows the
approaches outlined in [8], [24], and [25]. The reformulation requires ad-
ditional assumptions on the element stiffness matrices and a more precise
definition of the stress constraints. We will not repeat all the main hy-
potheses and the reformulation procedure which are presented in [17]. The
resulting relaxation is a convex program with linear objective function

T

minimize p T
z € R"™, u;, € RY
q1 EIRTll,...,qn eR™

subject to ZB]T(%)J' = fr vk
j=1
zjc < (qr)j < @;C Vk Vi
E;jBjug — (qk)j > (L —zj)c Vk Vi
E;Bjuy, — (qk)j <(1- :Ej)E Vk Vj
fluk <7 vk
(@)] Vi Vilaw); <20° Yk Vj
u<up <u vk
Ax <b

This relaxation has a large size both in terms of number of variables
and constraints. But the size of the subproblems (both in term of variables
and constraints) will decrease with increasing depth in a branch-and-bound
search tree. By introducing the index sets N = {1,...,n}, No = {j € M|
z; =T; =0}, and N1 = {j € N | z; = T; = 1}, i.e., the set of all design
variables fixed to zero and one, respectively. We arrive at the condensed

relaxation

minimize px
z € R",u; € R?
g €R™,...,qn € R™
(RW) subject to K(z)ug + E B]T(Qk)j =fr Vk

rjc < (qr); < wjC
E;Bjuy, — (qx)j > (1 — x;)
E;Bjuy, — (qr); <

Vk VjigdNoUN
VEk VjgNyUM
Vk VjigdNoUN
Vk

Vk Vje M

Vk VjigdNoUN
vk

V5.



When working with minimum compliance problem, we arrive at the re-
laxation (RC) as following

| M
. T
minimize - U
z € R™,u; € RY 2;—:1]% g
q161RT17---7QnEIRT" -
(RC) subject to K(z)ug + Z B;F(Qk)j = fr VEk
JENOUNT

zjc < (qr)j < ;¢ VE VjdéNogUN
Eijuk—(qk)] Z (1—3}]')2 Vk‘ V] Q./\/’o UNl
E,fBjuk (gr); < (1 —xj)e Vk VjigdNoUN
Y piwi <V
j=1
(uk)TWjuk < o Vk VjeM
(aw)] Vi Vilaw); < w7 Yk VjigNoUM
u<up <7U Vk
Ax <b
z; € [z, 7] vj.

3.2 Branching procedure using binary subdivision

Binary subdivision is apply evidently from the binary property of design
variables. We discuss in detail about some proposed node selection rules
and branching rules.

3.2.1 Node selection rules

Some standard node selection rules are proposed in this framework. These
are Best-First, Depth-First and Breath-First. Each of these rule has its
own advantages as well as disadvantages. We do not mention in detail here
since they can be found in almost basic documents about branch-and-bound
method.

3.2.2 Branching rules

Two branching rules which are proposed to use in the branch-and-bound
algorithm are most infeasible branching and pseudocost branching. Some
other advance heuristics can be found in [1].

Most infeasible branching
This still very common rule chooses the variable with the fractional part
closest to 0.5, i.e., index ¢* = min |z; — 0.5] is chosen. The heuristic reason
1

behind this choice is that this selects a variable where the least tendency can
be recognized to which ”side” (up or down) the variable should be rounded.



Pseudo cost branching

This is a sophisticated rule in the sense that it keeps a history of the
success of variables on which already has been branched. This rule goes
back to [6].

4 Cuts

A general property to achieve good convergence of Branch-and-Bound al-
gorithms is to have a strong representation of the problem being solved.
One way of obtaining this is by introducing cuts. Cuts are valid inequali-
ties which cut away a given point, in our case a candidate design, which is
not an optimal solution. We use here the recently proposed Combinatorial
Benders’ cuts as described in [10] and [15]; and a simple cut that we denote
a functional cut.

4.1 Combinatorial Benders’ Cuts

Combinatorial Benders’ cuts are successfully used for discrete truss topology
optimization problem in [21]. This class of cuts builds on the principle of
deriving cuts from minimal sets of inconsistencies. Before discussing how
these cut are generated we reformulate the equilibrium constraints of prob-
lem (WP) (or (CP)) as conditional linear constraints.

By introducing an additional continuous variables (z;); € IR? with the
interpretation (zj); = xjuy, the equilibrium equations for load fj, are rewrit-
ten as

K(x)u, = ijKjuk = ZKj(Zk)j = f
i=1 j=1

The bilinear terms z; = x;u can be written as the set of conditional linear
equalities
:Ej:() - (Zk)j:()
zj=1 — (2); = ug
Given a candidate design x, which may contain non-integer entries, we
denote Ny(z) and N7 (z) the index-sets of design variables with value 0 and
1, respectively, i.e.,
M(z) = {je{l,2,...,n}|z; =0}
M) = (el n}|z=1)

Consider the following linear system
n
S Ki(w); = [
j=1

(zk); —up = 0 VjeNl(z),
(zk); = 0 VjeN@).



If the linear system (1) is infeasible, at least one binary variable z; (j €
Ni(z) U Na(x)) has to be changed to remove, probably, the infeasibility.
Nevertheless to get a strong cut, we look for an irreducible (or minimal)
infeasible subsystem (IIS) involving the rows of the system defined by the
index-sets Np(z) and Ni(x). Denote such an IIS by S. A linear inequality,
called Combinatorial Benders’ cut, is written as

Z T;+ Z (1—-25)>1

JE€S:2;=0 i€S:;=1

which can be added to the formulation. For each candidate design x one or
more cuts can be generated depending on how many IISs are found. Finding
an IIS is in practice done by solving a linear program by Simplex method
as described in [20].

We need to investigate the feasibility of k linear systems such as (1).
This task should be done in an efficient way. In practice, for each load case
a reduced system is considered. We work in the systems where all the zero
variables are eliminated and all the one variables are grouped as unique
variables, i.e., we work with the systems

Yo Kim+ Y. Kim)j=fr Yk
JEN1(2) JENo(2)UN1 ()

Last but not least we might find, at some nodes of the search tree, a new
cut stronger than some cuts existed in the cut pool. The new cut will be
added into the pool in parallel with removing the weaker previous ones, we
call removing the redundant cuts.

4.2 Functional cut

The goal of this type of cuts is to avoid a feasible known design & € {0,1}"
being found again even, in some cases, to assure that the new feasible design
is not worse than the previous one. For a given design vector & € {0,1}", a
feasible design x is better than Z if and only if its corresponding objective
function, of minimum weight problem, is smaller, i.e,

ple < pl
Equivalently, this condition can be written as

sz$z+zpz Ty <0

X = iz =1

:>Z|_pzxz+zpz T <0

2 =1

10



Finally, by the integrality of the design variables, we arrive at the following
inequality, called a functional cut,

S lpidzi+ Y [pil(mi—1) < -1 (2)

i:2;=0 ;=1

The functional cut (2) can be constructed only when a feasible design is
available. If the densities p; are integer, the new feasible design, if found, is
always better than the current one. It should noted that, with these cuts,
we never find the same design twice.

5 Heuristics

Finding good feasible points is important when solving this class of prob-
lems by branch-and-cut methods since this gives possibilities to fathom,
hopefully large, parts of the feasible set. In the present implementation, a
good feasible point, and its corresponding upper bound, is also important
for generating cuts and for fixing variables at node in the search tree. Hence
several heuristics are implemented and used throughout the search.

5.1 Rounding heuristic

The rounding heuristic is based on a simple rounding of design variables
obtained after solving the continuous relaxations (W-Q2P) and (C-Q2P)
(or (RW) and (RC)). This simple rounding heuristic is used in [3] within a
nonlinear branch-and-bound method for solving discrete truss topology opti-
mization problems and the numerical experience indicated that the heuristic,
although simple, often finds feasible point. We present in the following the
algorithms for the problems without stress and displacement constraints.

It is well-known that the equilibrium constraints are more potentially
satisfied if we can distribute as much material as possible (at least if the
resulting structure is connected and can carry the external forces). Given
the optimal solution to the natural continuous relaxation of (WP) associ-
ated with the node. The largest design variables are rounded to one and
the remaining to zero in such a way that the volume is strictly less than the
objective of the incumbent (if one exists). Let ub denote the upper bound,
i.e., the objective value of the incumbent. If an incumbent is not yet know,
ub can safely be chosen as ub = ; PiTj- This rounding gives a candidate
design vector . If AZ < b then an attempt is made to find displacement
vectors satisfying the equilibrium equations. This rounding heuristic re-
quires one assembly of the stiffness matrix and (at most) M attempts to
solve the (linear) equilibrium equations. This heuristic is presented in detail
in Algorithm 1.

11



Algorithm 1: A simple rounding heuristic for the minimum weight
problem (WP).

Given the vectors z and T and the upper bound ub. -

Let (z*,uj,...,u};) denote the solution to the relaxation of (WP).

Sort the entries in #* in descending order.

Let the Z denote the indices after sorting.

Set Ny = N7 = 0.

for j=1,...,ndo

if >,  pj <ubthen

JENIU{Z(5)}

Nl «— Nl U {I(])} and :i'j =1.
else

NO — NO U {I(])} and i‘j = 0.
end

end

if A7 <b then
Attempt to find vectors g, ...,y such that K(Z)u = fr and
g < .

end

The proposed rounding heuristic can also be modified for the discrete
minimum weight problem (WC). The different thing is that the limit of
volume of distributed material is not changed along the search tree. More-
over for compliance any any displacement vector satisfying equilibrium will
suffice since compliance is constant for all displacement vectors satisfying
equilibrium. This heuristic is presented in more detail in Algorithm 2.
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Algorithm 2: A simple rounding heuristic for the minimum compli-
ance problem (WC).

Given the vectors  and  and the scalar V > 0. .

Let (z*,uj,...,u},;) denote the solution to the relaxation (WC).

Sort the entries in #* in descending order.

Let the Z denote the indices after sorting.

Set Ny = N7 = 0.

for j=1,...,ndo

if >,  pj <V then

JENIU{Z(5)}

Nl — Nl U {I(])} and :i'j =1.
else

NO — NO U {I(])} and i‘j = 0.
end

end

if AZ <b then
Attempt to find vectors g, ...,y such that K(Z)u = fr and
g < .

end

Similar rounding heuristics can also be applied to problems with stress
constrains (WP) and (CP). After rounding the design variables to the candi-
date design vector Z, suitable displacement vectors can be found by solving
the continuous relaxation or its dual formulation again for fixed z = 2. If
multiple load conditions are considered then the problem of finding suitable
displacement vectors decomposes into M smaller problems.

This type of heuristics are easy to implement, they are fast, and they use
some knowledge of the mechanical background of the optimization problems.
They can be periodically called while searching the branch-and-bound tree.

5.2 Hard fixing heuristic

A slightly more elaborate class of heuristics are based on hard fixing and
diving, i.e., fixing an increasing number of variables and resolving the contin-
uous relaxation. Given an optimal solution to one of the natural continuous
relaxations of either (WP) or (CP) at some node in the search tree (for
example the root node) some of the variables are rounded and fixed. The
relaxation is then resolved. This procedure is iterated until the relaxation
becomes infeasible, the objective function becomes worse than the current
incumbent, or until a feasible point is found. If the variable fixing is appro-
priately done, this heuristic will terminate after a finite number of iterations
(= relaxations solved). Similar strategies are suggested in [7] for linear
mixed integer programs. For topology optimization problems we round all
design variables with value > 0.9 and the largest non-fixed variable to one

13



unless the new volume is greater than the incumbent, working with (WP),
or this violates the weight constraint, working with (CP). Design variable
with value < 0.01 and the smallest non-fixed value is rounded to zero. This
hard-fixing diving heuristic is presented in Algorithm 3. The reluctance to
round variables to zero is based on the observation that the structure must
be connected to carry the external loads.

Algorithm 3: A hard-fixing and diving heuristic for the discrete min-
imum weight topology optimization problem (WP).
Let  :== 0 and T := e and set Ny := N; := 0 and 7 := 0.
Let done := false.
while not(done) do
Attempt to solve relaxation of (WP).
if (R-1) is infeasible then
done « true.
else if the optimal value of (WP) > ub then
done « true.
else
Let (z*,uj,...,u};) denote the optimal solution to the (WP).
if z* € {0,1}" then

(x*,ui,...,u},) is a feasible point to (WP).
done « true.
else

forall j € N\(Ny UN7) do
if 27 > 0.9 and Y. pr < ubthen
keN1U{7}
N1 — M U{j} and z;=o;=1
else if x; < 0.01 then
N(] <—NOU{]} andfj ::ij =0.
end
end

Let j = ar max k.
J gjeN\(NoUNl) J

if > pr <ubthen

keN1U{j}

N =N U{j}and z; =7; = 1.
end
Let j = arg min x5,

FEN\(NoUAY) 7
N()<—N()U{j} andfj :.i'j =0.
end
end

end

The heuristic in Algorithm 3 is, of course, computationally more ex-
pensive than the rounding heuristics presented in Algorithm 2 and 1. The
main objective is to call this procedure only once at the root node of the

14



branch-and-bound tree (or even prior to calling the branch-and-cut or lo-
cal branching methods) to find the first feasible point. The first incumbent
is necessary in order to call the more advanced heuristics based on local
branching and RINS. The simple rounding heuristics in Algorithms 2 and 1
are less likely to find feasible point when called at the root node. Topology
optimization problems are notoriously well-known to produce solutions to
the relaxations which contain many gray elements, i.e., solutions with many
non integer design variables, and solutions which do not approximate the
optimal discrete solution well.

5.3 RINS heuristics

Relaxation induced neighborhood search (RINS) is suggested in [12] as a
heuristic to improve feasible points, Z, to mixed integer programs. At some
node in the branch and bound tree the following steps are performed. The
variables which have the same value in the optimal solution to the (current)
relaxation and the incumbent are fixed. An objective cutoff based on the
objective value of the incumbent is added as a constraint to the problem.
The resulting reduced mixed integer program is solved by a branch-and-cut
method. In [12] the search is not restricted to the part of the search tree
currently under consideration.

It should notice that that sub-problem is also a difficult problem. So
in our heuristics, we modify slightly the original idea. We first round the
optimal solution, z*, to the relaxation to get £. We then apply RINS from
Z. The idea is that we hope with & the number of integer variables in the
sub-problems is much reduced if we take x*. We also impose a node limit
on the method for mixed integer sub-problems.

This heuristic requires that a feasible solution is known but can otherwise
be invoked at every node in the branch-and-bound tree.

5.4 Local branching heuristic

Given a feasible reference point (Z,4s,...,4yr), for example the current
incumbent, of the minimum weight problem (WP) the m-OPT neighborhood
N (&, m) of & is the set of feasible designs of (WP) satisfying the additional
local branching constraint

A, )= Y (L—z)+ > =z;<m. (3)
Jizj=1 J:2;=0

The two sums in (3) count the number of binary variables in x which have
flipped their values (with respect to &) either from one to zero or from zero
to one. Given the incumbent (Z, 4y, ..., 4y ) the feasible set of (WP) can
be partitioned by the disjunction

A(z,z) <m (left branch) or A(z,Z)>m+ 1 (right branch) .

15



The neighborhood size m should be sufficiently small such that the left
problem, i.e., (WP) with the additional constraint A(z,z) < m is much
easier to solve than (WP) itself. The neighborhood size m should ideally
also be chosen large enough such that the neighborhood N (&, m) is likely to
contain better points than the current incumbent. The left branch can be
solved by, for example, a convergent branch-and-cut method developed for
solving (WP). Notice that the local branching constraints can be included
in the linear constraints Ax < b. If the optimal solution in the left branch
improves on the incumbent this solution becomes the new incumbent. The
approach can then be re-applied on the right branch.

Local branching method becomes exact if all branches are solved to
global optimality. However solving the left and the right-most branches can
be very time consuming. We propose therefore a heuristic as follows. When
solving the left branches we impose a node limit. If the tactical solver reach
the limit, we then reduce the neighborhood size. The right -most branch
will not be solved in our heuristic. The heuristic local branching algorithm
presented in Algorithm 4 resembles the algorithm described in [13].
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Algorithm 4: A local branching heuristic for improving the incum-
bent to (WP).

Given the incumbent (&,yq,...,4y) and the integer m > 0.
Let done := false and let p := m.
while not(done) do
/* Generate the left branch node. */
Add the constraint A(z,z) < p to (WP).
Attempt to solve problem (WP) within node limits.
if (P-1) is proven infeasible then
done := true.
else if optimal solution found then
Reverse the constraint A(z,z) < p to A(z,z) > p+ 1.
Let (z*,uj,...,u};) denote the optimal solution to (WP).
if pTa* < pT'% then

/* Update the incumbent. x/
(&, 01,...,06p) — (@*,u],...,u},).
Let p :=m.
else
done := true.
end

else if feasible point found then
Let (z*,uj,...,u};) denote the found feasible point to (WP).

Delete the last local branching constraint A(z, ) < p.
if pT'2* < pT'% then

/* Update the incumbent. x/
(&,01,...,06p) «— (@*,u],...,u},).
Let p :=m.
else
Let p:=p— [p/2].
end

else if no feasible point found then
Delete the last local branching constraint A(z, ) < p.
Let p:=p—[p/2].
end
end

6 Design and Implementation

The branch-and-cut method for solving the discrete topology design problem
and related finite element routines are implemented in C++ using Visual

Studio 2005, Version 8.0. For the considered problem classes and the chosen
methods the vast majority of the computation time is spent on solving the
relaxations and solving linear programs for generating Benders’ cuts. The
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Node selection

Problem definition

MIP - OPTIMISER

Branching rule

Relaxation | Cut generator | Heuristic

Figure 1: Design chart of the solver in PLATO-N project

routines for solving these problems are state-of-the art routines implemented
in C++ using object oriented design.

The design is realized in a way that can be easily modified and extended.
The system in detail is presented in the Figure 1. The common objects
of parts in the framework is unique. They are refereed by a reference or
a pointer. The pool of cut is also design as an array of pointer so the
basic operations (the ones which are often called) such as adding, removing,
replacing, ... can be done easily and quickly. The number of nodes in the
search tree is possibly (and often) large. We just storage the information
about fixed variables at a node.

The KKT point of the all quadratic programs (W-Q2P) and (C-Q2P)
are found by using PENNLP solver, a smooth nonlinear optimization solver
[16]. PENNLP is also used to solve the convex problems (RW) and (RC).
The linear programs which appear as part of the Benders’ cut generation or
finding displacements for a candidate design are solved by Simplex solvers
in CLP [14].

We try to generate Combinatorial Benders’ cuts at every node whose
depth, i.e., number of fixed variables, in search tree is smaller than quarter of
number of design variable. A Benders’ cut is generated from the integer part
of designed variables obtained as part of optimal solution to the relaxations
after rounding all variables in [0.25,0.75]. At each time, we try to generate
at most ten cuts (strategy of generating cut is still an open question). A
cut is said to be efficient if the number of variables constructing this cut is
less or equal to the square root of the number of design variables. The cuts
are stored in a global cut pool, described by the system of linear inequality
Az < b. An efficient cut is included in the cut pool only if it is not already
present and it is not redundant by previous cuts .

18



We limit the number of iteration for PENNLP to 100 at each time launch-
ing. If PENNLP reach this limit, we increase the limit to 1000 and restart
PENNLP.

A point (z,ui,...,upr) is considered numerically feasible with respect
to the general constraints if the constraint violation is not larger than the
prescribed feasibility tolerance § > 0. Particularly, (z,ug) is considered
feasible to the equilibrium constraint for load k-th if

K (@)ur — frll2/ || frll2 < 6

The point (z,u) is considered integer feasible if x also satisfies
z; €[0,0] or z;€[l1—-46,1 Vj

In the implementation § = 10~7. An integer feasible point is set to be
optimal if either the relative or absolute optimality gap are smaller than the
optimality tolerance 573.

7 Numerical experiments

We present some preliminary numerical experiments with the outlined branch-
and-cut method applied to instances of the multiple load problem (WC) and
(WP).

The first instance is the modified version of Zhou and Rozvany example
[26]. The design domain and the two external loads are illustrated in Figure
2(a). The construction material is isotropic with Young’s modulus equal to

30

(a) Design domain, boundary conditions and external loads

{b) The considered coarse ground structure

Figure 2: The modified Zhou and Rozvay example

one (E := 1) and the Poisson’s ratio equal to zero (u := 0). The design
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variable x; represents the thickness of the 4 element and must only attain
the values unity or zero. We have two external loads. The vertical load
applied at the lower side of the design domain gives two nonzero entries,
both with value —1/2. The horizontal load is modeled with four nonzero
entries. The node forces at the corners are both set to —1 while the two inner
nodes have forces equal to —2. The finite elements used in the computations
are bilinear iso parametric element in plane stress. The stiffness matrices are
computed using 2nd order Gauss quadrature rule, see [11]. This is the same
type of elements which are used in [22]. The design domain is partitioned
into square elements of equal size, Figure 2(b).

Figure 2(c) illustrate the global optimal design obtained. The parameter
computations are summarized in the Table 1.

n d | M| > .7 Rel. Opt.Val. | Itn. | Cuts
100 | 270 | 2 565 68.72526 72 1498 | 38

Table 1: Numerical result of modified Rhou and Rozvany example

The second example is about beam design optimization. We take the
same values for Young’s modulus and Poisson’s ratio. We also have two
external with the value —1. The design domain and the two external loads
are plotted in Figure 3(a). Figure 3(b) illustrates the partitioned domain
into square element size.

-]

| 14 |

(a) Design domain, boundary conditions and external loads

(b) The considered coarse ground structure

Figure 3: The beam example
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Figure 3(c) illustrate the global optimal design obtained. The parameter
computations are summarized in the Table 2.

n | d | M|>.% Rel. Opt.Val. | Itn. | Cuts
98 | 224 | 2 93 74.53905 80 19986 | 45

Table 2: Numerical result of beam example

8 Summary

We have presented some of the most important aspects of a non-linear branch
and cut method for solving structural topology optimization problems that
are considered in the PLATO-N project.

Preliminary results show that the method gives a global optimal solution
to all test problems.
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