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Abstract

We consider three algorithmic approaches to deal with displacement and/or stress
constraints in free material optimization (FMO) models. The first approach is a sim-
ple sequential linear programming (SLP) approach and we describe how to adopt it to
FMO-type problems with semidefinite constraints. We then provide another approxi-
mation scheme based on [1] to a general form of nonconvex constraints that includes
(among other) stress or displacement constraints. At each iteration the constraint
function is approximated by another overestimate function and thus the approximated
solution is guaranteed to be feasible. Finally, we briefly review a sequential convex
semidefinite programming method recently developed by Stingl, Ko¢vara and Leuger-
ing [4].
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1 Sequential Linear Programming

Sequential Linear Programming (SLP) is the a very simple and popular approach for finding
an approximate solution of (possibly nonconvex) optimization problems. It is also used in
structural optimization problems, see e.g., [2]. In this section we briefly describe the approach
and its adaptation to FMO-type problems. Given an optimization problem of the form

minimize  f(x) (1.1)
subject to gj(x) <0, j=1,...,n,

the SLP method begins with an initial point xy and replaces the objective function and
constraints by their corresponding linear approximations around xy:

minimize  f(z0) + (z — 20)" V f(z0) (1.2)
subject to  g;(z0) + (x — 20)  Vgj(wo) <0 j=1,...,n,
b <z —x9 <ub.

The last set of constraints are called move limits, with vectors (b and ub being the lower and
upper bounds on the allowed change of the variable x.

Denote by x, the optimal point of problem (1.2). We replace xy by the point x; and
solve problem (1.1) again, this time linearized around the new point x. This process should
be repeated until we get sufficiently close to the optimal solution of (1.1). Hence, in the SLP
approach we solve at each iteration a linear programming (LP) problem.

We will now show how to adopt the SLP method to solve FMO-type problems. Recall one
of the basic models of the FMO problem. Consider a collection t = {t;}}¥, of positive definite
matrices t; € S4 44 t; is the rigidity tensor of the shape in finite element cell 7 multiplied by
the area/volume of the cell. The twice compliance of the shape w.r.t. a load f is

Cy(t) = fHAM)f, Alt Zthbw

The multi-load design problem is

min max_In(fi (A(t)7" fi), (1.3)

teT 1<k<K

where 7 is a given closed convex set {t = {t;}Y, : t; = 0,>.,Tr(t;) = 1}. Consider the
following smoothing approximation of this problem:

min Fy(t), Fot) = 0~ (Z (f£<A<t>>1fk)5> , (1.4)

k=1

where Fj(t) is convex and smooth function, twice continuously differentiable on X. Observe
that

max In(fy (A(£))™" fi) < Fy(t) < max In(fy (A(t)" fx) + 67" InK.

It follows that for sufficiently big value of 3 we obtain a good approximation of the objective
function in (1.3) and thus we can substitute the original objective function in (1.3) by the
function Fp(t). We shall use Fj(t) as our objective function. The above choice of Fj is



flexible. For example, we can use an objective function which is a weighted sum of the
compliances (31, wi(FF(A(t)) "' ). The convex FMO problem we consider is therefore:

min 5 7'In (Z (fkT(A(t))lfk)ﬂ> (15)

k=1
st Y Te(t) =1,
t;=0, i=1,...,N,

where ¢ is a collection of N d x d positive definite symmetric matrices (d = 3 for planar
shapes and d = 6 for spatial shapes, N is the number of final elements); fi,k = 1,..., K,
are given load M-dimensional vectors (K-the number of load cases, M-number of nodes);
A(t) = Zf\il ZS bl t:b;, is the global stiffness matrix where b;, are given d x M matrices.

s=1 "1s
We would also like to introduce nonconvex constraints. To illustrate the approach, we

consider a more involved model in which displacement constraints are added:

min ~ 57'n (Z (FL(A() ™ fk)5> (1.6)

k=1

s.t. ZTr(ti) =1,

(AW ' fu<dj, k=1,...,K, j€J,
0, i=1,...,N.

Here e; is the j-th vector in the canonical base and J is the set of the coordinates of nodes
for which displacement constraints are to be imposed. In what follows we describe how the
SLP method can be applied to the problem (1.6).

1.1 Solving FMO problem with displacement constraints by SLP
method

At each stage of the SLP algorithm we solve the following linearized model of the problem
(1.6):

N
min Z Tr(ult;) (1.7)
i=1
N
s.t. ZTr(ti) =1,
i=1

N
> Tr(ult) < dj, je,
i=1
a”'t; 2 t; < oty

where u] are given symmetric matrix derived from Fj(%) and ¢/(f) = (e7 (A(®)) "L f — d;)’; (

is the last generated solution of the linear approximation problem, i.e., collection of positive
definite matrices).



Consider the Cholesky factorization of #; (recall that #; is positive definite), t; = R! R;.
Define the following matrices:

¢ = Ru!RT

7 )

j € Ju{0},

and the new matrix variable
S = (RZT)_ltle_l

We can now rewrite problem (1.7) as follows:
N
min ZTr(q?si) (1.8)
i=1
N
s.t. ZTI‘(thZ) =1
i=1

N
i=1
a I <s; <al.

To solve the above problem, we will apply a dual approach. The Lagrangian dual objective
function is

g\ p) = _1§rign<aIZTr ¢s;) —1—2)\ (ZTr ql )—i—u(E:TlrhsZ —1>

jedJ

The dual problem is given by

max ¢(\,p) =  max min (Z Tr((¢) + Z )\]qZ + ph;)s;) —dT\ — ,u> .

+ + a~11<s;=2al)
(/\u)eRlJ‘xR (A, )eRleR Elmted ey

(1.9)
This is a convex problem (maximization of a concave function) and we can therefore apply
a bundle level method or any other suitable algorithm to solve it. To use the bundle level
method we need to be able to find the value and derivative of the function L(A,u). To
compute a function value ¢(\, p) for a given (A, 1) we need to solve the following problem
forevery i =1,..., N:

min  Tr((¢) + Y Ng + phi)s:) (1.10)
JjeJ
s.t. a I <s; <al.

whose solution is denoted by s;(A, 1)

Remark. Note that (1.10) can be easily transformed into a simple LP. To see that, observe
that the matrix D(\, u) = ¢ + > e ]q,f + ph; is symmetric, a spectral decomposition can
be computed d(\, 1) = VI D(\, )V, where V is orthogonal and D is diagonal. Define the
new variable z = V7s;V. The problem (1.10) can be rewritten as the following programm:
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min  Tr(d(\, p)z) (1.11)
s.t. a 'l <zr=<al

It is easy to show that among the optimal solutions of (1.11) there exists diagonal matrix
solution. Thus we obtain the simple linear problem:

st. a'I<z<al (1.12)

where x is a diagonal matrix.
After we find the matrices s;(\, u) we can compute the gradient of the function g(\, p) for
given point (A, ) as follows:

N
d Nl = Tr(glsi(A, ) — dj, j € J,

=1

N
qd\ ), = ZTr(hiSi()\*aM*)) — L
i=1

Denote by (A, ) the optimal solution of the problem (1.9) and by s;(\, tx) the optimal
solution of problem (1.8). The optimal solution of the original problem (1.7) is given by

2 Convex approximation for displacement and stress
constraints

In this section we propose an approximation methodology for a class of nonconvex constraints
appearing in FMO problems, in particular displacement and stress constraints. The approach
is based on the technique advocated in [1] for truss design with a global buckling constraint.

Consider the function
H(w,y,2) = |"Y X' 2], (2.1)

where XY, Z are matrix-valued functions depending on a variable ¢ € 7 such that X > 0.
We begin by showing the relevance of this class of functions to constraints arising in FMO
problems:

i. Displacement constraints. Suppose that we are given an /; norm displacement
constraint:

IA@®) " fll < p
This constraint can be transformed into a system of constraints:

|€]TA(t)_1f| < 7, j=1,...,N,

dom < op

ot



The nonlinear constraints in the above system are of the required structure (Y = Z =1
and X = A(t)). A more general form of displacements constraints is given by

CA@t)'f <d,

where the matrix C' and vector d are of suitable sizes (see e.g.,[3]). It can be shown
that these constraints can also be rewritten in terms of functions of the form (2.1).

ii. Stress constraints. Stress constraints can be modelled as [3]:

S
S tBiA® S < v i=1,.. N
s=1

where B; ; are given matrices. Note that e]TtBZ-,sA(t)’1 f is the j-th coordinate of the
vector q; s = tBi,SA(t)_l f so we can rewrite the stress constraint as

S
DD leftBi AW P <y, i=1,...,N.
s=1 J

Setting tB; s = Y;s(T),X = A(t) and Z = I, the above can be equivalently rewritten
as the following set of convex inequalities

] Vi ()X () Z(t) f| < Ty

ZZTJ%LSSM 1=1,...,N.
s

As in the case of displacement constraint, we observe that the nonlinear constraint
comprise functions of the form (2.1).

We have thus established the fact that the function H given by (2.1) appears both in
displacement and stress constraints. We will next show that the function

A 1
(XY, Z) = §eTYX*WTe + ﬁ(Z f+XhIXYZf+ Xh) (2.2)

is an upper bound of H(X,Y,Z) for every A > 0 and h satisfying e Yh = 0.

Theorem 2.1 Let X,Y,Z ben xn, kxm and n X r matriz-valued functions depending on
variable t € T, suppose X = 0 is positive definite matrixz for all t € T and let e and f be
given vectors of lengths k and r respectively. Let X be some positive number and h a vector
satisfying e’ Yh = 0. Then

H(X,)Y,Z) < F\,(X,Y,Z) for everyt € T.

Before proving Theorem 2.1 we state in the following lemma some basic facts (without a
proof) that will be used in the proof of Theorem 2.1.



Lemma 2.2 i. Let ) be an n x n symmetric positive definite matriz, a € R", b € R™.Then
la”b| < (a"Qa)"2(b"Q™'b)"/? (23)

and equality holds if and only if a and Qb are linearly dependent.
ii. For gwen scalars a > 0,3 > 0, the optimal solution of
A

) 1
min{ 5o+ o3 0}

18 \/g with a corresponding optimal value v/af3.

We are now ready to prove Theorem 2.1.
Proof of Theorem 2.1: First note that since h satisfies e’ Yh = 0 we have
H(X,Y,Z) ="YX ' Zf| = |"Y X1 (Zf + XD)|.
Applying (2.3) with a =YTe, Q = X' and b= X" (Zf + Xh) we thus obtain

1/2

1/2
H(X,Y,Z) < <eTYX1YTe> (Zf+ Xh)T)‘(:l(Z f+Xh)
@ B

Invoking part ii of Lemma 2.2 on « and [ defined above, we thus obtain that
A 1
H(X,Y,Z) < §eTYX—1YTe + ﬁ(Zf + X)X NZf + Xh) = P\ (X, Y, Z),

proving the result. O
It is important to note that F) ,(X,Y, Z), as opposed to H(X,Y, Z), is convex.

Proposition 2.3 For given A and vector h the function F\,(X,Y,Z) is convex.

Proof: Denote \ )
F/\,h — Efl(X, Y, Z) + ﬁfQ(X’ Y, Z)

It is enough to show that both f; and f; are convex. The epigraph of f; is given by
{(X,Y, Z,u))|uy > 'YX 'Y e},

which by Schur’s complement can be cast an LMI:

T

u, ey
—
(YTe X )‘0'

Similarly, the epigraph of the function f5 is given by

w  (Zf+ XK
(Zf+2Xh X )io’

proving the convexity of Fy ,(X,Y,Z) O

Important remarks



e Note that Fy,(X(t),Y(t),Z(t)) is also convex function of the variable ¢ whenever
X(t),Y(t), Z(t) depend affinely on t.

o It follows from the above proof that the inequality F) ,(X,Y, Z) < p has the following
semidefinite representation (SDR):

T T
u ey U (Zf+Xh) N 1
{(YTe X >_-07 Zf"—Xh X >_-07 §u1+ﬁu2§07 X>0
Note that if we set X = A(t) we get linear matrix inequality system (LMI) in the vari-
able t.

It is also important to study the conditions on A and h under which H and F) j, are equal.
Proposition 2.4 For given (X,Y, Z) there is a point (\,h) such that €'Y'h = 0,\ > 0 and
H(X,Y,Z) = F55(X,Y, Z). (2.4)
Proof: A straightforward computation shows that (2.4) is satisfied with
h=X10YTe—Zf),\=10], (2.5)
where 0 = % a

Now we are ready to describe the iterative procedure for solving approximated problem
(1.6).

Algorithm

Step 0 Choose an arbitrary vector (A, h) and replace the nonconvex constraint in (1.6) by
convex one F),(X(t),Y(t),Z(t) < p or by its SDR system and solve the obtained
approximated problem (1.6) in variable t.

Step 1 Let t; be the solution of the approximated problem (1.6) at iteration k. Compute
6TY(tk)X(tk)_1Z(tk)f

eTY () X (te) 1Y (t)Te’

hy = X(t) 0 (th) e — Z(t) ),

A = |0k

O, =

Step 2 Solve the approximated problem (1.6) with (A, hy) and denote by ¢y, its optimal
solution. Stop if ||tx+1 — tx|| < e. Otherwise go to Step 1.

3 A Sequential Convex Semidefinite Programming Method
(4]

In this section we briefly review a sequential convex semidefinite programming algorithm
recently proposed by Stingl M.Koévara and Leugering [4] for multiple load FMO problems.
The main idea of the new method is to approximate the original problem by a sequence
of semidefinite sub-problems, in which nonlinear functions (defined in matrix variable) are
approximated by convex, block-separable functions. The algorithm is defined on a convex
formulation of the FMO problem but can be extended to cover state constraints, such as
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displacement constraints, strain or stress constraints in a straight forward way.

Definition. Let f : S x S% x ... x S% — R be continuously differentiable on a sub-
set B C S =84 xS§% x ... xS and denote Y = (Y1,...,Y,,) € B to be a vector of
matrices. Moreover let asymptotes L = (L1, Lo, ..., Ly,)T, U = (U, Us, ..., Un)T be given
such that

Li"<}7i'<Ui, izl,...,m

and T := {11, T2, ..., T;m} be set of non-negative real parameters. Then we define the hyperbolic
convex approrimation fé’U’T of fatY as

LU~ . /

y oY) = fY)+

(Vif(¥), (U = Yi)(Ui = Yo) " (Ui = Vi) = (Ui = Yi))gus —

NE

1

.
Il

(VLF(Y), (Vi — Li)(Y; — L) ' (Y; — L) — (Y; — Li))sa +

INGERINGE

I
_

((V; = Yo)%, (Ui = Yi) ™'+ (Vi = L))o
where (A, B)gs, := Tr(AB) and (V' f(Y), (V. f(Y) denote the projections of 2L onto S§
and S% respectively.

Note that féU’T(Y) is separable w.r.t. the matrix variables Y;,Y5,...,Y,,.

Algorithm
Consider the following problem:
min - f(Y) (P)

st g(Y) <0, k=12... K,
Y, 2Yi =Y, i=12,....m

Throughout this section we make the following assumptions:

Al f:S — R is convex and is the maximum over a finite set of twice continuously differ-
entiable functions

fy) = max fi(Y).
A2 the functions g, : S — R (k=1,2,..., K) are continuously differentiable and convex.
A3 The interior of the feasible domain is non-empty.

A4 The compact sets of asymptotes £ and U satisfy the following condition: Let F be
a feasible domain of the problem (P) then VL € L and YU € U I > 0 : Vi =
L,....om, YWeF:Y,—Li>=pl andU; = Y; = pl.

For a given feasible point Y7 of problem (P), we define a local hyperbolic approximation
of f as

Y

PY) = max f{ (V) := max(f)y; 7 (V).



Using this function, we define a local approximation of (P) close to Y7 as follows:

. ] J
min - f(Y) (P7)
st g(Y)<0, k=12, K,

Vi <Y, <Y, i=12... m
Here the bounds ﬁj , ?Z-j should satisfy the following assumption:
A5 Ejﬁj jY;j j?ij <Y foralli=1,...,m.

Proposition 3.1 Each sub-problem (P?) has a unique solution Y71, Associated with Y711
there exist Lagrangian multipliers (viT1 VItL) such that (Y91 03T VIitl) is a KK T-point
of (P7).
Description of the algorithm

1. Put j=1.

2. Choose asymptotes L7 € LU e U and 7> 71,75, ... 7

m

v

7> 0.

3. Solve problem (P?). Denote the solution by Yt € S and the associated Lagrangian
multipliers by (v, V1) € RE x S,

4. Choose o = min{1, &}, where & = minger, f(Y? + a(YT —Y7)).
5. Set (Y it Vithy = (VI I VI + oI (YT, 0T, V) — (Y7, 07, V).
6. Stop if Y7t is stationary for problem (P); otherwise put j = j + 1 and goto (2).

Theorem 3.2 The Algorithm stops at a global minimizer of (P), or the sequence {Y7}
generated by the Algorithm has at least one accumulation point and each accumulation point
is a global minimizer of (P).

The algorithm used to solve sub-problem (P7) is based on a generalized augmented
Lagrangian method for the solution of nonlinear semidefinite programs.

The authors of the described Algorithm are currently investiging the possibilities to
extend the method for the problems with non-convex constraints, when not only the objective
function, but also the constraints can be replaced by sequence of hyperbolic approximations.
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