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Abstract

In this article, we present the Free Material Optimization (FMO) problem for plates and shells
based on Naghdi’s shell model. In FMO — a branch of structural optimization — we search for
the ultimately best material properties in a given design domain loaded by a set of given forces.
The optimization variable is the full material tensor at each point of the design domain. We give
a basic formulation of the problem and prove existence of an optimal solution. Lagrange duality
theory allows to identify the basic problem as the dual of an infinite-dimensional convex nonli-
near semidefinite program. After discretization by the finite element method the latter problem
can be solved using a nonlinear SDP code. The article is concluded by several numerical studies.
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1 Introduction

Structural optimization deals with the problem of finding the stiffest structure subjected
to a set of given loads and boundary conditions, when only a limited amount of material
resources is available. Nowadays, this approach plays an important role in the construc-
tion of light-weight structures like airplanes and cars. Large parts of these objects as, for
instance, the fuselage, consist of thin-walled structures like shells and plates. This is the
reason why structural optimization of shells has received a lot of attention in the design
optimization community over the last couple of years. For example, shape optimization
techniques have been used to vary the geometry and boundary of a shell with the goal
to stiffen the structure [6]. Various approaches try to identify the optimal topology of
a shell in the sense of 0-1-designs. For an overview in the case of plates see [4]. On
spherical shells it is possible to calculate the topological derivative and to exploit this
information with the purpose of finding the optimal position of holes [18]. Only recently,
free sizing optimization taking strength and stability constraints into account has been
used to improve the design of shell structures [8].

Another important class of shell design problems is based on material optimization.
Here the design variables reflect not only the distribution of material in the design do-
main, but also the local properties of the material. The methods used in the area of
material optimization differ in the choice of the admissible set of materials. In [19] a
pseudo density of the material is varied using a SIMP-approach. Rather than cutting the
solution space down to 0—1-designs the author proposes to realize the optimal solution
using foams that can be produced in manifold densities. In aerospace industry the use
of composite materials is very common. In [25] the authors suggest to design composite
shells by optimization of the material selection and fibre angles in a laminated shell
structure. It is even possible to consider fully anisotropic elasticity tensors as admissi-
ble set for the design optimization as shown for Reissner-Mindlin plates in [2]. Finally,
there are approaches taking advantage of adaptive methods — either by changing the
parametrization of the design space during optimization or by adapting the model via
switching between shape and material optimization; see [21].

In this article, we focus on Free Material Optimization, originally introduced for the
optimal design of solid bodies by [3]. The design variable used in Free Material Op-
timization is the full material tensor at each point of the design domain. Therefore it
yields not only the optimal material distribution, but also the material properties at each
point. Various solution techniques for this problem have been proposed; see, for exam-
ple, [27]. Due to the high freedom in the design space the resulting material/structure
is typically hard to manufacture. Nevertheless it gives valuable information about the
optimal material density, symmetry and principal directions, which can be exploited to
realize approximations of the optimal design. One possible realization by tapelayering is
described in [14]. In the recent years, the formulation of the Free Material Optimization
problem has been extended to cover multiple load cases [1], stability control by con-
sideration of global buckling [16] and stress constraints [17]. In this article we propose
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a formulation of Free Material Optimization based on the linear elastic shell model of
Naghdi [22] suited for thin-walled structures like airplanes, cars and pipes.

Table of frequently used symbols

Symbol Name or description Place of definition
or first occurence
a; covariant basis vectors of the surface (1)
aag first fundamental form of a surface Sect. 2
B discretized strain matrix for the strain v at (64)
node ¢
bas second fundamental form of a surface Sect. 2
A discretized dyadic strain matrix for the strain  (65)
v in the element m
Ca third fundamental form of a surface Sect. 2
C set of admissible elasticity matrices (3)
C set of sym. positive semidefinite matrices (38)
C B elasticity tensor for membrane and bending  Sect. 2
c matrix notation of the elasticity tensor C*#*M  (10)
DA elasticity tensor for shear Sect. 2
D matrix notation of the elasticity tensor D®*  (10)
f external force resultant density Sect. 2
g external traction resultant density Sect. 2
h external moment resultant density Sect. 2
L set of admissible Lagrange multipliers (39)
M set of sym. positive semidefinite matrices (72)
with bounded trace
m) transverse shear force resultant (tensor nota- (7)
tion)
m transverse shear force resultant (vector nota- (9)
tion)
M moment resultant (tensor notation) (7)
M moment resultant (vector notation) 9)
N force resultant (tensor notation) (7)
N force resultant (vector notation) 9)
t thickness of the shell Sect. 2
U translational displacement Sect. 2
u set of admissible displacements (5)
V upper global bound on the trace of C and D (19)
(2 partial derivative of v, w.r.t. &* Sect. 2
Valu surface covariant derivative of v, (2)
Q@ Lagrange multiplier for volume constraint Sect. 4
G Lagrange multiplier for lower box constraint Sect. 4
Ou Lagrange multiplier for upper box constraint Sect. 4
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Symbol Name or description Place of definition
or first occurence

o membrane strain (tensor notation) (6)

v membrane strain (vector notation) (8)

r gu Christoffel symbol of a surface (3)

0z J(x,y)(0x) Gateaux derivative of J(x,y) w.r.t. x Sect. 4

Cap shear strain (tensor notation) (6)

¢ shear strain (vector notation) (])

0 rotational displacement Sect. 2

II(u,0) potential energy of a shell (12)

pT upper local bound on the trace of C and D (20)

p- lower local bound on the trace of C and D (20)

Xaf3 bending strain (tensor notation) (6)

X bending strain (vector notation) (8)

Xw characteristic function of the set w (58)

w midsurface of the shell Sect. 2

Ow Lipschitz boundary of midsurface w Sect. 2

Owy clamped part of the boundary dw Sect. 2

Ow1 free part of the boundary Ow Sect. 2

(-, ) inner product for matrices Sect. 4

2 Naghdi’'s Shell Model

We start with a mathematical description of Naghdi’s shell model [22, 9, 10]. The
geometry of a Naghdi shell is described by the midsurface w — an open bounded two-

dimensional set in Euclidean space, which can be parametrized by a sufficiently smooth
function ® : R? — R3, ® € W2 (w).

Hence it is advantageous to use curvi-
linear coordinates denoted by &¢ (in
accordance with common notation in
shell theory Latin indices run over 1,
2 and 3, while Greek indices run only
over 1 and 2). The covariant basis vec-
midaxface w tors are then defined by

N — thicknesst

0P a1 X ag
— a3 = ————— .
og a1 x az|

Moreover, the surface covariant derivative of a vector field v is given by

o = (1)

Fig. 1: Curvilinear coordinates on the midsurface

Valp = Vau — I’g‘mv,\ , (2)

where v, ;, is the partial derivative of v, with respect to £ and Fg“ is the Christoffel
symbol of the midsurface
I’g‘w = aa#a)‘ i (3)
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Furthermore the fundamental forms of the midsurface are defined by
e first fundamental form: a,g = aqag,
e second fundamental form: b,3 = —a3 gaa,
e third fundamental form: c,g = bé‘lb)\/g.

It turns out that the midsurface alone contains not enough information to describe
bending and shear effects. A remedy is provided by the theory of Cosserat continua: at
each point z € w a director vector d is attached to the shell, adding the lacking degrees
of freedom [11, 24]. These director vectors can be interpreted as material lines along
the thickness of the shell. The deformation of the loaded shell can be described by a
translation of all points of the midsurface u € [H l(w)] % and a rotation of the associated

director vectors 6 € [H 1(w)] %, Neglecting rotations of the director vectors around their
own axis we obtain the following displacement formula:

U(EH€%,6%) = u(g, &) + £20,(¢4, )a* (¢4, €%) . (4)

In the remainder of this article, we consider a shell with a Lipschitz boundary dw. The
shell is clamped at parts of the boundary. To this end we partition Jw into two sets dwy
and Ow; which are open in Ow, Ow = Owy U dw; and Owy N Ow; = (). Then Dirichlet
boundary conditions are applied on dwgy and the shell is subjected to forces and moments
on Ow;. Using this, we define the set of admissible displacements to be

L{::{(u,ﬁ)e[Hl(w)]f)‘ﬁ-agzo;uzé?zo on Owo}. (5)

Note that all statements given in this paper are also true if only some components of (u, )
are fixed at the boundary dwy. As a consequence we obtain [H&(w)]‘:’ CUC [H'(w)] °.
It is now possible to deduce formulas for membrane strains 7,3, bending strains x,g and
shear strains (,, respectively:

1
Yap(u) = B (Uam + Uma) — bapusz,
1
Xap(w,0) = 5 (%m + 010 — b3Uxe — bé\luw) + capus, (6)
1
Calu,0) = 3 (9a + u3 o + bguA> .

The assumption of linear elasticity in Naghdi’s shell model leads to the following Hooke’s
law:

NM = tckﬂa’g’y&g,

t3
MM = = C g, (7)
m® = tD,.
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Here CMeP and DX are the elasticity tensors of the shell. CM8 is a fourth-order tensor
with the following symmetries:

B — cmiaf , oMb — cAnba , oMb — B

D is a symmetric second order tensor satisfying DM = D®*. Moreover, the symmetric
second order tensors N™ and M* are called force resultant and moment resultant,
respectively, and m” is the transverse shear force resultant. Finally ¢ is the thickness
of the shell. In the following we assume the thickness of the shell to be constant. Note
however that the main results presented in this article remain valid for a thickness profile
t = t(z), which remains unchanged during optimization. The symmetry of the tensors
allows us to rewrite Hooke’s law using the following vectors and matrices:

Y11 X11 G
v = Y22 , X = X22 , = < ) ; (8)
\/5712 \/§X12

N1y My

N = NQQ , M = MQQ R m = < :Tnl; ) , (9)

V2Nys V2Mis

Cii11 Cri22 V2C1112 Dii Dis
C = Ci122 Cazo V209212 |, D= ( Di Doy > (10)
V2Ci112 V209212 2CH919
Then Hooke’s law takes the form
N(z) = tC(z)y(u()),
3

M(z) = — C(z)x(u(z),0(x)), (11)

12 )
m(z) = tD(@)(u(x),0())

and the potential energy II(u,#) of the Naghdi shell can be written as

1 t3

H(u,H):§/t7T07+ExTCX+tCTDCdS—/tf-udS— g-u+h-0dl, (12)
w w Ow1

where f € [LQ(LU)]B is a given force resultant density and g € [L2(8w1)]3 and h €

[L2(8w1)]2 are given traction and moment resultant densities, respectively. The shell is
in equilibrium for any (u,6) € U that minimizes the potential energy

in TI(u,0). 13
Jin, (u,0) (13)

It is also possible to treat plates in this context. Assuming a planar midsurface allows to
deduce the Reissner-Mindlin plate model from Naghdi’s shell model. A planar midsurface
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has no curvature and thus a constant normal vector as. This results in vanishing second
and third fundamental forms of the midsurface w:

bog=0 , cop=0. (14)

In this case the formulas for the strains boil down to:

1
Yap(ur,u2) = 5 (Uais +ugia)
1
Xap(0) = 5 (6o +O31a) » (15)
1
Ca(u3>9) = 5 (9a +u3,a) .

The equilibrium state of the plate is again found by minimizing the potential energy

3

i _ 1 T (A
(urgireluﬂ(u,ﬂ) = 2/wt7 (u1,u2)Cy(u1,uz) + 12X (0)Cx(0) (16)
“CT(“379)DC(U379)dS—/tf'udS— g-u+h-0d.
w Bwl

When solving the elasticity problem for a plate this can be separated into the membrane
problem

. 1
min  — / ty " (w1, u2)Cy(ur, up) dS — / t (fiur + foug) dS —/ (g1u1 + gouo) di
(u1,u2)eU 2 w w Ow1

and the so-called Reissner-Mindlin problem

1 3
min —/ t—XT(H)C'x(H)—l—tCT(u;g,H)DC(ug,H) dS—/tfgugdS— gzuz+h-0dl.
(us,9)eu 2 J, 12 w w1

3 The Single Load Problem

Up to now we have merely described the physical behavior of the shell. However our
overall goal is to find the stiffest structure which is subjected to a given set of loads f,
g and h. A measure on how much a structure will deform under these loads is given by
the compliance

C.D) = — min I 0) = I ) 17
comp(C, D) Juin, o,p(u,0) nax c,p(u, ) (17)

1 T t r T
= . — t¢"D¢d
(1%??“ 2/w 0 Cv+12x Cx+t¢ DCdS

+/tf~ud5—i—/ g-u+h-6dl.
w Ow1

Apparently the compliance is given by the negative potential energy in equilibrium.
In order to find the stiffest structure possible we now minimize the compliance with
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respect to the design variables. As we intend to work with Free Material Optimization
these variables are the full elasticity tensors C' and D. We want to allow for holes
and material-no-material situations in the optimal structures, therefore we choose C €
[L®(w)]*** and D € [L®°(w)]***. As pointed out in section 2 the matrices have to be
symmetric, furthermore they also have to be positive semidefinite as they describe a
physical material:

C=C"=0 , D=D"*»o. (18)
As a measure for the amount of material used at a certain point x € w we simply use
the summed traces of the matrices tr(C) + %tr(D). The factor % is necessary to be able
to compare the results with the three-dimensional solid case. As we want to limit the
material resources, we add the volume constraint

1

/ ] (tr(C) + §tr(D)) iS<V. (19)
w

Finally we add box constraints to avoid arbitrarily high material concentrations at single

points:

0<p” <ttr(C(zx)) + %ttr(D(m)) <pt. (20)
Summarizing (18), (19) and (20) we obtain the set of admissible elasticity tensors
C=C"=0
D=D"*>0

[t (tr(C(z)) + 3tr(D(x))) dS <V
0<p~ <ttr(Clz)) + 3ttr(D(x)) < p*

€= (C,D) € [L¥()] x [L%(w)]***

For simplicity of notation we will assume p~ = 0. But note that all statements presented
in this paper are also true for positive p~. We finally are able to formulate the single
load problem for shells:

t3

1
i C,D) = i -~ | tv'C TOxy+t¢"D¢dS
(CI,nDl)neccomp( D) (CI,IB)Ilec (z%?é{u Q/w v 12X X+ DG

—I-/tf-udS—l—/ g-u+h-60dl.(21)
w Ow1

Introducing the function

1 t3
J(C, D), (u,0)) := —5/t'yTC’VJrEXTCXthQTDCdSJr/tf~udS+/6 g-u+h-0dl
w w w1

we rewrite the latter optimization problem as
mi max J((C,D), (u,0)). 0
(C’DI;HGC (uﬁ%{u (( ); (u,0)) (22)

In the case of plates we start from the equilibrium problem (16). The uncoupling into
the membrane and the Reissner-Mindlin problem is not possible anymore when working
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with Free Material Optimization, as the material tensor C is one of the optimization
variables connecting the membrane and bending terms. Thus the single load problem
for Reissner—-Mindlin plates takes the form

min  max J((C,D), (u,0)) = -

t3
(C,D)eC (u,0)eU / ty' Cy+ —=x'Cx+1¢' D(dS

12

N | —

—i—/tf-udS—l—/ g-u+h-6dl. (23)
w Owy

This problem has already been formulated by Bendsce and Diaz, who propose a solution
via analytic derivation of the optimal material properties [2].

We now want to show existence of optimal solutions for problem (22). It can be easily
seen that an optimal solution of the single load problem for shells is a saddle-point
of the functional J((C, D), (u,0)). Thus existence of an optimal point follows from a
Minimax-Theorem.

Theorem 1. Problem (22) has an optimal solution ((C*,D*), (u*,0%)) € C x U.

Proof. C C [Loo(w)]?’xg X [Loo(cu)]2X2 is a convex, non-empty set for appropriately
chosen constants V and p*. As it lies in a norm ball of [L%(w)]**? x [L®(w)]**?, it is
weak*—compact and thus closed and bounded in the weak*-topology. U on the other
hand is convex, closed and non-empty in the [H l(w)] 5f‘copology. It is then according to
the Minimax-Theorem shown in [20] sufficient to show

(i) for all (C,D) €C: (u,8)— J((C, D), (u,8)) is concave and continuous,
(i) for all (u,0) e U: (C,D)— J((C, D), (u,d)) is convex and continuous,
(iii) there exist (Cp, Do) € C such that

J((Co, Do), (u,0)) — —o0 V(u,0) € U with |[(u, 0)|| 1 () — 00

in order to prove the existence of at least one saddle-point ((C*, D*), (u*,0*)) € C x U
of J. Note that the original form of the theorem in [20] can be obtained by multiplying
J((C,D),(u,0)) with —1.
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Using the Schwarz inequality we get

|J((C, D), (u,0))| = ‘ ;/ther x Cx +t¢"D¢dS

+/tf~ud5+/ g-u+h~9dl‘
w Ow1

1 T 1 [ o 1 T
< |2 [ tyTevyds| + CydS|+ |~ [ 1" Deds
2/, 2 ), 12%
+/tf'ud5‘—|—/ g-udl'—i— / hﬂdl‘
w Ow1 w1
4 2 t3 2 4 2
< §\|C||Loo(w)||’Y\|L2(w) + ﬂHCHLm(w)HXHLQ(w) + §\|D||Loo(w)||C||L2(w)

Ul 2@y llell ) + 19122 @ lull a2t @y + 121122 00 101l 21 (901 -
As @ € W (w) we have ang € WH™(w) and thus I'Y" € L®(w) and bys € L™®(w).
This implies

||’Y‘|%2(w) = ||’711H%2(w) + H722H%2(w) + 2”’712”%2@)
2

1 1
= uap = burusl| 7o, + lluge — boausl|Fa,) + 2 H§U1|2 + Suap — biaus
L2(w)

= |lury = Thur — Thug — buus|fag, + lluze — Tayur — Dyus — basus||7s ()

1 2
+ 5 |ur,2 — Tlyur — Moug + ugy — Fyyuy — 5 ug — 2b12u3HL2(w)

< lurallrze) + 1Tl Eoe @) 1wl 22wy + T30l oo @) luzll 220y + 1012l oo @) lusll 20 - - -
< Gllullaw) -
with ¢, > 0. Analogously we conclude || x]|7 . = cxllull g ) and ||C||L2(w < ecllull g -

Together with the continuity of the trace operator in H'(w)

(s )| 1 0or) < 1l (s 0) )l 111 ()
this yields
|7((C, D), (u,0))| < EHCHL‘” yeyllull o) +ﬁ||CHL°° yoxll (w, )| 1 )
_HDHLOO(w cell(w, Ol mr wy + 1l 2wy [l w)
+ 9l 2w lell @y + 112122 101l

This yields the continuity required in (i) and (ii). As the linearity of the mapping
(C,D) — J((C, D), (u,0)) implies convexity, (ii) is valid. The concavity required in (i)
follows from the linear dependence of the strains on the displacements, the quadratic
dependence of J on the strains and from the positive semidefiniteness of C' and D.

10
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Finally we show (iii): In [13] the ellipticity of Naghdi’s shell model with nonhomogeneous
anisotropic material has been proven using the assumption ® € C3(w). In [5] it was
shown that this assumption can be weakened to ® € W2 in the case of isotropic
materials. Consequently it suffices to choose isotropic matrices

22p 2
ST a0
Co=1 oz  wtsmy 0) and DO:( 0 4u> (24)
0 0 2u

fulfilling the constraints on the traces given in (19) and (20) in order to show that (iii)
is valid. As the summed trace is given by

1 AN 82
t “ttr(D) =t (1 =t (14p —
H(O) + 5 t(D) <0M+/\+2u> ( # /\+2u>’

a possible choice is

. Vo opt
A €RT < —— . 2
< B =T { 14t[w]’ 14t} (25)
This proves the existence of a saddle-point of the functional J((C, D), (u,#)). O

4 The Primal Problem

In [26] it has been shown that the Free Material Optimization problem for solid material
can be transformed into a linear quadratically constrained optimization problem using
duality theory. During this section we show that a similar technique can be applied
on the Free Material optimization problem for shells resulting in a convex nonlinear
semidefinite programm instead of the saddle-point problem given in (22).

Theorem 2. Problem (22) is equivalent to the Lagrange dual problem of

max /tf-ud5+/ (g'u+h-9)dl—aV—P+/ﬂuds
(u,G)GU w w1 w

aERg
ﬁu,leLl(w)
ﬁu,lzo
‘ 1 + T
subject to Sty(uy(u) + oox(u, 0)x(w,0) " —tla+fu—Fi)Es <0 (26)

1 1
§tC(Ua 0)¢(u,0)" — §t(04 + Bu — Bi)E2 20
where E,, denotes the unit matriz in R".

Proof. We start with constructing the Lagrange function of problem (26). As the prob-

11



Stefanie Gaile

lem has matrix constraints the Lagrange multipliers are positive semidefinite matrices:

min max L((u,0),(C,D),a,( :/t -udS+/ -u+h-0)dl
omin | max  L((w.0).(C.D).0.8) = | tf [ )
C=CT»0 acRy

D=DT>0 g, eLl
ﬁlul>(() S aV —pt / BudS (27)
1 3
- /(C, §t77 + — 24 - taE3 — tﬂuEg + tﬂlE3>dS
1, .+ 1 1 1
— [ (D, §t§§ — §tOzE2 — 5tﬁuEg + §tﬁlEg>dS

We now regroup the terms in the Lagrangian and use the fact that for example

(C,taEs) = tr(C - taFs) = tatr(C) (28)

to obtain

1 t3
0 D = — —tyy 1 VdS — v \d
omin - max  L(0.0).(C.D)..0) / (€. 51" )dS / (€. ST
C=CT>0 acRY

D=DT>0 3, ,eLi(w) 1,7
Bu1>0 —/(D,#CC >dS—|—/tf-udS—|—/ (g-u+h-0)dl
w w Ow1
1
ta / x(C) + 51 tx(D)dS — aV (29)

/ Bu <ttr( )+ %ttr(D) - p+) ds

/ﬁz (ttr( )+ %ttr(D)) ds .

Next we make use of the following property of the trace
/(C, tyy " )dS = / tr(C - tyy " )dS = / ty' CydS (30)
w w w

and get

i L((u,0),(C,D =—
emin o e ((u,0),(C, D), a, B)
C=CT»0 acR}

D= DT>Oﬁ ELl(w)
B0 +thDc} dS+/

w

3
/ [WTC’HEX Cx (31)

N | —

tf-udS+/ (g-u+h-0)dl
Ow1
+ a/ ttr(C) + %ttr(D)dS —aV

/ﬂu <ttr( )-l—%ttr(D)—er) as

/ﬁz (ttr( )+ %ttr(D)) ds.

12
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It now remains to show that problem (31) is equivalent to problem (22) in the sense
that each saddle-point ((C*, D*) (u*,0%)) of (22) can be extended to a saddle-point
((C*,D*), (u*, 6%, a*,8;,7)) of (31) and each saddle-point ((C*,D*), (u*,6%,a*,[."))
of (31) gives a saddle-point ((C*, D*), (u*,0%)) of (22). The proof follows the ideas of
[26, Theorem 3.3.1], however it has to be generalized to matrices. For the given saddle-
point functionals of problem (22)

JD((C7 D)v (u7 0)) =

l\Dl'—‘

3
/mTCw Tcx+thngS+/tf-uds (32)

+/ g-u+h-6dl
Ow1

and problem (31)

JL((C, D), (u,0,0,B)) = (33)
1
= 2/t7TC'y+ ;XTCX—i—tCTDCdS—I—/tf'udS

+/ g-u—i—hﬂdl—ka/ttrC’+§tdeS—aV
Ow1 w

—I-/ﬁu (ttrC+%trD—p+> dS—/ﬁl (ttrC—l—%trD) ds
w w

the Gateaux derivatives can be computed as

3
5c.pJp((C, D), (u,0))(6C,6D) = —% / t’yT(SC”y—I—l x ' 6Cx +t¢T6DC dS (34)
3
SuaJo((C. D). (w0)(6u.39) =~ | 477 (@)Cr(Gu) + 53 (w,6)Cx (6,50
w

+t¢ " (u, ) D¢ (8u, 60) dS + / tf-oudS
+/8 g-ou+h-80dl (35)
w1
6c.pJr((C, D), (u,0,a, 8))(6C,6D) = ; /w t’yT(SC'y—I— T50X+th5Dg ds
-l—a/wttréC’—k §tr5DdS

+ / Ba (t troC + %msp) ds

- / G <ttr(50 + %tréD) ds (36)

13
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and

0u.0,0,8JL((C, D), (u, 0, o, B))(6u, 80, dcr,03) =

- / ty " (u)Cry(6u) + %XT(U,H)Cx(éu,59) +t¢ " (u, 0) D¢ (Su, 60) dS

—i—/tf-éudS—l—/ g-ou+h-d0dl+ o </ttrC—|—%tdeS—V)
w Ow1 w

+ / 58, <t O + %trD - p+> ds — / 5B, <t O + %trD) ds . (37)

respectively. To characterize saddle-points we define

C = {(C,D)e[L®wW)]>® x [L®WwW)>?|C=CT=0,D=DT =0}, (38)
L = {(a,B) €RY x [L'(w)]* |5 >0} (39)

and use the following Lemma, whose proof is given in appendix A:

Lemma 1. We consider the saddle-point problem

J 40
min max (p,u) (40)

where A=C, B=U and J = Jp. Then (p*,u*) € A x B is a saddle-point of J if and
only if

ouJ (" u)(u—u*) < 0 YueB. (41)

The same is true for A=C, B=Ux L and J = Jy,.

Thus the saddle-point conditions for problem (22) can be given as

S0, Jp((C7, D7), (u",07))(C = C*, D = D*) = (42)

1 3
_ _5/ T - c*)w; T(C—Cx+1¢T(D—D*)¢dS>0 ¥(C,D)eC,

0u,0JD((C™, D7), (u",07))(u —u”, 0 — 07) = (43)
t3

g 12X
+t¢ T (u*,0")D*C(u—u*,0 — %) dS

_|_/tf.(u—u*)d5—|—/ g-(u—u)+h-(0—0)dl<0 Y(ub)el
w Ow1

ty T () C*y(u — u*) + —=x " (u*,0%)C*x(u—u*, 0 — 6%)

14
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and on the other hand ((C*, D), (u*, 0%, a*, 3*)) is a saddle-point of (31) if and only if
S¢,0JL((CT, D7), (u*, 0%, 0", 5))(C = C*, D — D*) = (44)
= ; /wm (C—Cv+ %x (C—C*)x+t¢"(D—D*)¢dS
+ oz*/wttr(C —-C") + %tr(D — D*)dS
4 /w B,* <ttr(C — o+ %tr(D _ D*)) is

—/ﬁl* (ttr(C—C*)—l—%tr(D—D*)) dS>0 V(C,D)eC

and
0u,0,0,3JL((C*, D*), (u*, 0%, 0", %)) (u —u*,0 — 0", a — ", B — %) = (45)
3
- [T @C ) + 6 6 - 67)

+t¢ " (u*, 0")D*C(u — u*, 0 — %) dS + / tf-(u—u*)dS

t
—I—/ g-(u—u*)+h-(0—6dl + (a —a*) (/ttrC*—l——trD*dS—V)
Ow1 w 2
t
—I—/ Bu — Bu) (tt c* + §trD* —p+> ds — /(ﬁl —6) <ttrC* + §trD*> ds
< 0 V(u,0,0,8) eU x L.

Now we first show, that (44) and (45) yield (42) and (43), thus each saddle-point
((C*,D*), (u*,0*,a*,3%)) of problem (31) gives a saddle-point ((C*, D*), (u*,6%)) of
(22). Setting @ = o* and B = [* in (45) yields (43). Furthermore positivity of «

and (3 together with the existence of the saddle-point ((C*, D*), (u*, 0%, a*, %)) (and
thus existence of a finite solution) gives

t
/ttrC*—l——trD*dS < V,
w 2
t
OSttrC*+§trD* < ptoace inw.

Thus (C*,D*) € C. Two cases can be distinguished: a* = 0 or o > 0. In the latter
case take a look at (45) for u = u*, § = 0* and 8 = 3*:

t
(a — a®) (/ttrC*+§trD*dS—V> <0 VaeR].
w

<0

15
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While this is always true for o* = 0, in the case a* > 0 we can choose o = 0‘7* € RT and
get

—% </ttrC*+%trD*dS—V> <0.
—— W

<0 <0

Obviously the only way to fulfill this inequality in the case o* > 0 for all a € R(J{ is
t
/ ttrC* + 3 trD*dS =V . (46)

The same idea works for (. Set all variables in (45) equal to their optimal values except
By This yields

/(ﬂu = Bu") (ttrC’* - %trD* - p+> dS <0 VB, €LY (w),B,>0.

If there exists a subset @ C w, |@| > 0 with 5,"(z) > 0 a. e. in @, set

Bu:{ g:j inw\o

B} m w

t
= /(ﬁu —B.%) (t trC™* + 3 trD* — p+> ds =
w
B ot
— ttrC* + —trD* —p7 ) dS < 0.
2 2
——
In the case (,* > 0 this can only be true for
t
ttrC* + 3 trD* = pt  ae in®. (47)

Analogously it follows that for each subset @ C w, |@| > 0 with 3* > 0 a.e. in @ this
results in

t
ttrC* + 3 trD*=0 ae inw. (48)

It remains to show (42). Comparison with (44) shows that it suffices to show
o / Hx(C'— %) + Ltx(D — D7) dS + / 8" <ttr(C ~ O+ LD - D*)) ds
— / G (ttr(C -C") + %tr(D — D*)> dS <0 V(C,D)ecC. (49)

The last two terms are non-positive due to (47) and (48), while the first term is non-
positive due to (46). This shows (42) and thus this direction of the proof is completed.

16
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The last part of the proof consists of showing that each saddle-point ((C*, D*), (u*, 6*))
of problem (22) can be extended to a saddle-point ((C*, D*), (u*, 0%, a*, 5*)) of (31) or,
in other words, (42) and (43) give (44) and (45). To this end we first show a local
maximum principle for matrices.

Lemma 2. If the maximum of fw S1TMsy+ 89 Mso+...+ spTMsp dS is attained at
M = M* (for M € [L®w)]" ™, M =M" =0, p~ <trM < p*, [ trMdS <V and
8; € [LQ(w)]n, i =1,...,p), then there exists a Lagrange multiplier o* € R such that
the following statements hold:

()
P
/<M — M*, =) " sisi| +a"Ep)dS <0 (50)
w i=1
for all M € [L®(w)]"", M =M" =0 and p~ <trM < p*.
(i) Define by 2?21 Ajeje; | the eigenvalue decomposition of S 0, s;s8;' with e; ' ey =
djk and |lejll2 =1Vj=1,...,n. For each subset © C w, 0| > 0 with trM* > 0
a. e. there exists at least one e; & ker(M*) whose associated eigenvalue Aj > 0.

(i1i) For each subset @ C w, |@| > 0 with

max Aj<a® = trtM*(z)=p a e inw. (51)
=1,..5M
o ker(M*)

(iv) For each subset & C w, |@| > 0 with

'rrllin N>af = M (x)=p" a e ind. (52)
=1,...,n
ejJler(M*)

The proof is given in appendix A. For a given saddle-point ((C*, D*), (u*,0*)) of (22)
we now define

* * )k O
2o(u) X (u,6°) ’
S1 = 0 , S9 = 0 , 83 = O (53)
0 0 ¢(u”,6%)
and the matrix
tC 0
(1,0, o0
Thus in the present case we have p = 3 and n = 5. We also define
J={je{l,...n}|e; &ker(M™)}. (55)

17
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Then according to Lemma 2 there exists an o € R such that for each © C w, |@| > 0
with

max )\ < o = trM*=p ae inw,

JjeET
min \; > o* = trM*=p' ae inw.
JjeT
Define

max A; —a® if min\; > of

B, = j=1,..n jeJ (56)
0 else
o — max A; if max\; < a*or ZAe; & ker(M*

B* = j=Len 7T jeg Ac; ¢ ker(M7) (57)
0 else

Consider now the case o > 0. Suppose [ trM*dS <V and there exists & C w, |©| > 0
with p~ < trM* < p' a.e. on @ (which is true for a sensible choice of V, p~ and
pT). Due to Lemma 2 we know there exists a Ay > 0 with the associated eigenfunction
er & ker(M*). Define the matrix

M:M*—l—x@ekekT%min{(V—/trM*dS),(er—trM*)} ,

where x is the characteristic function of the set @:

1 fzea
Xa(z) = { 0 else ) (58)

Obviously we have M = M T > 0, fw trMdS <V and 0 < p~ < trM < pt a.e. on w.
Thus M is contained in the admissible set. Now take a look at the objective

—/(MZAM%TWS = —/<M*7stﬁ>ds
w j=1 w ;

]- . * +_ *
_/& mmm{(V—/wtrM dS),(p trM )}\/\ﬁ/dS
—

>0

>0 >0

p
< —/<M*,ZSZ‘SZ‘T>dS.

This contradicts the optimality of M*. Thus for a* > 0 we must have fw trM*dS =V.
The case o < 0 is not taken into consideration as min;—; __, A; > 0, therefore o < 0
would result in trM* = p™ a. e. on w. With the above definition of 3, and 3* it
follows that

(a —a*) </wtrM* ds — V) +/w(ﬁu — B.) (trM* — p*) dS

(B — BteM*dS <0 VaeR},Be[L'w)]®,8>0. (59

18
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Together with (43) this yields (45). To show (44) we again refer to Lemma 2. According
o (50) we have

p
(M —M*, =) sisi' +a"E,)dS>0 VM eM,
=1

£

We want to show (44)

/ (M = M =Y i T+ (0" + " — B En)dS > 0
w =1

for all M € [L®(w)]™", M = M" = 0. It is sufficient to prove this statement for all
subsets @ C w, |@| > 0. Here we distinguish three different cases:
1. trM* = p™ a.e. on @.

According to Lemma 2 (ii) there exists at least one eigenfunction e such that
ex ' M*e, = pr > 0. The value of the trace is independent from the chosen
coordinate system thus we have

n
ZejTM*ej =trM* =pt = Z ej M*ej. (60)
j=1 JET

If there exists only one eigenfunction e; & ker(M*) this yields u = p* and for M*
it holds that M* = p touT with |[v]| = 1. Due to p™ = e, M*e;, = ekTp+m;Tek
pt (’UTek)2 we get v'e, = +1 and as E (v 63)2 = 1 it follows that v’ ej =
0Vj # k and thus v = Fey, resulting in M* = pTepes .

If there exist more than one eigenfunction not in the kernel of M*, for example
O0<er Mey=pp<p™ , 0<e Me=w<pt—pu,
we can assume without loss of generality that Ay > A; holds. Consider the matrix
M= M* — melelT + ulekekT e M.

Inserting this into (50) yields

n

/<M — M*,Z(—)\j +Oé*)€j€jT> ds =

j=1

n

(—uee +#lek€kT>Z —\j+a*)eje; ") dS
7j=1

= (=N + o) + (=M + ) dS

(N —Ag) dS > 0.
>0 <0

1
e\a\ s\
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This can only be true for A\ = \; =: \. As such a matrix M can be constructedfor
any pair of eigenfunctions e;, ey ¢ ker(M™), this results in \; = A Vj € J. Suppose
this A would not be the maximal eigenvalue, in other words:

dA\p = max A; > A

]:1,...,1’1

Then set M,, = pTemen € M and inserting this into (50)

/<Mm — M*, Z(—/\j + a*)ejejT> dsS =
& e
= /(—/\m +a) em | Mpem —(—A + o) ZejTM*ej as

=p+ JjeTJ

=pt
= /pﬂX—&@dS<O
@
contradicts the optimality of M*. Thus we get

A= max A; =maxJ\;.
]:1,...,71 ]ej

We now distinguish two cases. Either we have minjc 7 A; > o* which results in
Bu* >0 and 3" =0 a.e. on ©. Then we get

n

M —M*)) (=\j+a*+ B, )eje;')dS =
/@< ;( j T a é Jeje; )

=A—a*
= /Z(S\_/\J) €jTM€j—Z(5\—;\) ejTM*ej dS
& ,ZIH,_/H,_/ 'GJH/_/
I >0 >0 / =0
> 0 VMeC.

The other possibility is minje7 A; < o < maxjes A; and thus 3," = 3" = 0 a.e.
on w. But as minje 7 A\; = max;c s A; = A this yields A = o and results in

n

/<M — M*, Z(—/\j + a*)ejejT> dsS =

= /~ Z(—)\j +Oé*) ejTMej—Z(—:\-l-Oé*) ejTM*ej dS

j=1 €T X

=—X\;+A>0 >0
> 0 VMeC.

2. trM* = p~ a.e. on .
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First assume p~ > 0. In this case we either have A\; = 0 Vj = 1,...,n, then
unless o = 0 (which results in [ (M — M*, 370 (=); + a*)ejej )y dS = 0) we
have 3" = a* —max;—;__, =a" —0 = o and thus
n ~
/(M—M*,Z(—)\j—l—a*—ﬁl*)ejejT>dS:0 VM eC. (61)
@

J=1 -0

On the other hand there might exist A; > 0, then it follows as in Lemma 2 (ii)
that at least one eigenfunction e; ¢ ker(M*). If only one eigenfunction e, ¢
ker(M*) exists we get again (compare to 1.) that M* = p~eper . Analogously
we also derive that for more than one eigenfunction e; ¢ ker(M™*) the associated
eigenvalues have to be equal and are the maximal eigenvalue of Zle 5i8;

VieJ : Aj= max /\j:X

j:1,...,n

Again two cases are distinguished. When maxjey A; < a* it follows that B, =0,
G1* = o — X and this results in

n

[ =3 370 + 0t = B)ege;T)ds =

7=1
= / Z(—)\j —i—j\) ejTMej—Z(—S\—I—S\) ejTM*ej dS
J >0 >0 JET =0
> 0 YMeC.

The other case is minje7 \; < o < maxjes A;j resulting in 8, = 3" = 0. But
due to minjec 7 A; = max;c s Aj = A it holds that A = o and thus

n

/~<M — ]\4*7 Z(—)\j + a*)ejejT> ds =
_ / S (A + Ve Me = 3 (“A+ A ey TM e dS
Wj:l >0 >0 JET =0
> 0 YMeC.

In the special case p~ = 0 it holds that M* = 0. Thus there is no e; & ker(M™).
This results in 8, = 0 and ;" = o — maxj—; ., Aj = & — A. This yields

n
/(M—O,Z(—)\j+a*—a*+5\)ejejT>dS>0 VM eC.
Y 20 j=1 >0
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3. trM* € (p~,p")
This results in 3,* = 3;* = 0 and due to (50) we already know

n
/(M — M"Y (=X +a%)eje; )dS >0 VM e M.
@ =
Assume there exists a M € C \ M with trM > pT such that

n

/<M — M*, Z(—)\j + a*)ejejT> dsS < 0.
@ =

Consider the matrix

- R T —trM*
M =M+ (M- ML — "
trM — trM*
ol —trM* - Y o
e <Lt follows that M € M. Inserting into (50)

n

/<M — M*, Z(—)\j + a*)ejejT> ds =

J=1

/L_WM* (VI — M zn:( A+ a)ese; TV dS <0
— _ _ 7 4 aNeses
o trM — tr M* = ! 7

yields a contradiction to the optimality of M*. The same is true when assuming
that there exists a M € C \ M with trM < p~ such that

n

/<M — M*, Z(—)\j + a*)ejejT> dS < 0.
@ =

Then defining the matrix
trM* — p*
trM* — trM

yields again a contradiction to the optimality of M*:

M = M* + (M — M*) eM

n
[<M — M*,Z(—)\j + a*)ejejT> dsS =
w j=1
trM* —pt - = T
= —————— (M —M*,)) (=)\j+a%)eje; )dS <O0.
/a; trM* —tr M ; ! 7
Thus we get the desired result

n
/(M — M*)> (=X +a%)eje; )dS =0 YMeC.
@ =

22



Free Material Optimization for Plates and Shells: The Single Load Case

This completes the proof. O

Problem (26) is a convex nonlinear semidefinite program (SDP). Compared to the origi-
nal problem formulation (22) problem (26) has several advantages. The matrices C' and
D are hidden in the problem as Lagrange multipliers. This significantly reduces the
number of variables in the discrete problem (compare section 5). Furthermore problem
(26) is convex. As t is the thickness of the shell, it is strictly positive and the matrix
constraints of (26) can be simplified to

2
Sy ()T + Lo Ox(w,6)T — (a4 B — BB

24
C(u,0)¢(u,0)" — (a+ By — B)Es = 0.

A

0, (62)

5 Numerical Treatment

5.1 Discretization

We now intend to solve the infinite-dimensional SDP (26) numerically. For this purpose
we discretize the problem by the finite element method [9]. The midsurface w is par-
titioned into M elements w,,. The number of corresponding element nodes is denoted
by n. The elasticity matrices C'(x) and D(x) are approximated by elementwise constant
matrices (C1,...,Cy) and (D1,...,Dy) where Cp, € R3*3 and D, € R**2 for all
m=1,..., M. The displacements take the following form

U=> Xlrs) <u<i> + z% 0“)) : (63)
=1

where the A;(r,s) are bilinear 2D Lagrange shape functions. This assures that the
Reissner-Mindlin assumption — material lines remain straight and unstretched during
deformation — is fulfilled at all nodes of the mesh. Using (63) the discretized membrane
strain matrix B] becomes

/\i\l 0 —b1iA; 0 O
%/\i\z %/\1|1 —bi2A; 0 0

Therewith the discrete counterpart of the dyadic product vy ' reads
A=Y / BIUUT(BY) dz, (65)
i,jeEK Y Wm

where K is the index set of nodes associated with the element m. Analogously we derive

aw = % / BXUUT (BY) dx, (66)
i,jEK Y ¥m

A ) = Y / BsUU T (By) da . (67)
i,jeEK Y ¥m
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Replacing the forces and moments in problem (26) by their discrete counterparts we get
the following discrete single load FMO problem for shells:

n
(5%5)1?“ Z (tfiui — pT Bu;) + Z (giwi + hib;)dl — Vo
g i=1 i€dun
BuBrery ™
, 1 t2
subject to 51421(“) + ﬂAﬁ(u,O) —(a+ By —0)E3 20 (68)

AS (u,0) — (o + By — B1)E2 < 0.

Obviously (68) is a finite-dimensional convex nonlinear semidefinite program.

5.2 Examples

Two numerical examples are presented in this section. In order to solve problem (68) we
have used the nonlinear SDP code PENNON [15]. Although only the resulting ”density”
function tr(C) 4 tr(D) is depicted, we want to emphasize that the code provides the
optimal elasticity matrices C), and D,, for each element w,,, m = 1,..., M. Thus we
gather information about the optimal material symmetry and material directions usable
in the manufacturing process.

Example 1.

The first example serves as a test for the consis-
tency with the two-dimensional solid case. We con-
sider a rectangular plate with in-plane forces. The
plate is clamped on one side while forces are applied
in the center of the opposite edge and directed in
parallel to the boundary. This example known as
Michell truss is widely used in topology optimiza-
tion literature.

Fig. 2: Michell truss load case

The typical material distribution of a
Michell truss can be easily recognized in
the displayed ”density” distribution. It is
also notable that only membrane strains
appear as there is no deformation outside
the midsurface. Thus there is no material
used for the matrix D which accounts to
shear effects.

15 -15

Fig. 3: Michell truss “density distribution”
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Example 2.

The second example employs all degrees of
freedom of the shell. We start with a saddle-
shaped midsurface, that is clamped on one
side. A vertical force acts in the center of the
opposite edge. This example can be inter-
preted as optimization of a coat hook fixed
to the wall.

15 -15

Fig. 4: Saddle-shaped hook load case

The resulting ”density distribution”
shows a firm tip at the location of the
load. The shell tries to avoid verti-
cal bending and distributes material
over the complete design domain (apart 7
from the corners in the front which : >
are not suited to stiffen this particu-
lar structure). No holes can thus be
found in contrast to the previous ex-
ample. This result is not unexpected
as stiff triangle-shaped structures ap-
pearing in the plane of loading are well Fig. 5: Saddle-shaped hook “density distribution”
known in topology optimization.
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A Proof of Lemma 1 and 2

Proof of Lemma 1. If for reflexive two Banach spaces V and Z the following assump-
tions hold:

(I) ACV and B C Z are convex, closed and non-empty,

(IT) the function J : A x B — R satisfies

Vpe A  u— J(p,u) is concave and u.s.c.,

YueB  p+— J(p,u) is convex and ls.c.,

(ITT) and in addition

Vpe A  u— J(p,u) is Gateaux-differentiable,
YueB  pr— J(p,u) is Gateaux-differentiable,

25



Stefanie Gaile

then (p*,u*) € A x B is a saddle-point of J according to [12, Chapter IV, Proposition
1.6] if and only if

SpJ (P, u)(p—p*) > 0 VpeA,
SuJ(p*,u*)(u—u*) < 0 YucB.

While in the present case V = [L%(w)]**® x [L*(w)]**? is not a reflexive space this is
irrelevant as the reflexivity of V is not used in the proof of [12, Chapter IV, Proposition
1.6]. In the case A =C, B=U and J = Jp the assumptions (I) and (II) are thus valid
due to the proof of Theorem 1. For A = C, B =U x £ and J = .J;, assumption (I) is
fulfilled as C — the cone of semidefinite matrices in V — is convex, closed and empty. This
is also true for £ and thus for U x £. As the functional J, is generated by adding linear
functionals to Jp the properties required for (II) are preserved. (III) follows obviously

from (34) to (37). O
Proof of Lemma 2. This proof is an extension to matrices of the original proof in [7].

(i) First define a linear continuous mapping ¢(M) : [L>®(w)]™" — R%:

S(M) = < fw slTMsl +52—fr]\t4r8]\24—ic-is..+spTMspdS > _ ( Z ) . (69)
The range of ¢ is denoted by
G = {(&,&) eR*[(&1,&) = ¢(M), M € [L=(w)]™", (70)

M=M">0,p <tr(M)<p"}.

The set G is closed, convex and bounded. The point (£17,&%) such that & ™ is
maximal for &* = V corresponds to M*. Thus (£17%,£7) € G and there exists
a hyperplane supporting G at (£1%,£2*) due to [23, Theorem 11.6]. Defining this
hyperplane by the vector (1, —a*) results in

S —a"& >4 —a"l VE,&Led. (71)

Inserting the definition of £; and & yields

p

p
/ZsiTM*sidS—a*/trM* dS>/ZsZ-TMsZ- dS—a*/terS (72)
w1 w w w

i=1
VM eM:={Mec[L®Ww)]" " |M=M"=0,p” <tr(M) <p*}.

Using the notation of the inner product this yields (50) and thus (i):

P P
$;8; | — a*Ep)dS VYMe M. (73)
=1

/(M*,ZsisiT—a*En>dSZ /(M,

i=1 e i
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(ii) Suppose there exists a subset @ C w, |@| > 0 where trM* > p~ a.e. We first

show, that there exists at least one eigenvalue A\ > 0, k € {1,...,n}. Suppose
Aj = 0Vj =1,...,n. Without loss of generality we can assume that there exists
another subset @ C w, [©] > 0, ®N& = 0 with trM* < pT a.e. in @ and at least
one A\ > 0, k € {1,...,n} (which is true for non-vanishing s; and a reasonable
choice of pT). Consider now the matrix

.
M=M* —XQMM* -I—X@min{é / trM* — p~ dS, pt —trM*} exer |

trM* o] Js

where xz(x) and x;(x) are the characteric functions of the sets @ and @, respec-
tively. Thus it follows that M € [Lo°(w)]™*", M =M =0, fw trMdS < V,
p~ < trM < p* and we get

p P
/<M,ZS¢S¢T>dS = /<M*,ZSiSiT>dS
w i=1 w i=1
trM* — p~ N
_/@ SV (M Z)\ e]e]
=0
1
—i—/mln{r‘/trM* p~dS,p —trM*} Ax dS
w ~
v = >0
>0
P

> /(M*, Z si8; "
w

=1

This obviously contradicts the optimality of M*, thus for each @ with trM* > p~
there exists at least one positive eigenvalue. Assume now that for all j € {1,...,n}
with A\; > 0 e; € ker(M*) holds. Consider another matrix

~ M* on w\w
M — * T ~
trM*epep on w

In this case we get

P
/(M,stf)cls = / (M~ Zs Si
« i=1 i=1

+\/~<M*,Z)\j€j6jT>dS+/~dS.

") j=1

=0

Again this contradicts the optimality of M*. Thus for every @ with trM* > p~ a.
e. there exists at least one e; ¢ ker(M*) with a positive eigenvalue A\; > 0. This
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(iii)
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shows (ii). Note that the optimality of M* remains when neglecting all components
belonging to the kernel of M*:

n

/(M*, > _)‘jejejT>dSZ/(M*az_)‘jejejT>dS
w w j=1

7=1
ej &ker(M™)
p p
= /<M*,Z—SZ’SZ’T>dS S /<M, —SiSiT>dS
w i=1 w i=1
= —/<M, Z —)\jejejT>dS—/<M, Z —)\jejejT> dsS
w j=1 w j=1
e;&ker(M™*) ej€ker(M™*)

>0VMeC

w

/<M, Z —)\jejejT>dS.
j=1

e ker(M*)

If all e; ¢ ker(M*) have the same eigenvalue A > 0 (this includes the case when
there exists only one e; ¢ ker(M™*) with positive eigenvalue), then the problem can
be projected onto the lower-dimensional space P spanned by these eigenvectors.
Let dp be the dimension of P, then it follows that

n n
Yo Xejej =Eg, = (M, > —Xejej)=ArpM. (74)
=1 =1
ejglger(M*) ejglger(M*)

Hence this case resembles the scalar case presented in [7]. Thus in the following
we will assume that there exist at least two eigenfunctions e, e; & ker(M™*) with
different eigenvalues, one of them positive: A > A; > 0.

Assume there exists a subset @ C w, |®| > 0 with

max Aj<a* and trM*>p a. e inw. (75)
= ""’n
e]-jgzker(M*)

According to (ii) there exists at least one eigenfunction ey, ¢ ker(M™) with Ay > 0,
ke {1,...,n}. Furthermore we assume, there exists at least one other eigenfunc-
tion e; & ker(M™*) and A\ > A\ >0, 1 € {1,...,n}, otherwise this would represent

the scalar case from [7]. Define the matrix M by

M = M* + X@(l‘) min{trM* —-p, €lTM*€l} <€k€kT — €l€lT) .
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This yields not only trM = trM*, but also M € M. Consider now

p
/ 725& —a*Ey)dS
=1
p ~
= /M*,ZsZ T —a*trM dS
w i=1

n
+ / Xo min{trM* — pf,ezTM*61}<€k€kT - elelTaZ)‘jejejT>dS
w J=1
- [or
w
> /(M*,
w

As this is a contradiction to the optimality of M*, this yields (iii).

M*@

5is; ') — & trM* dS + mln{trM —p e " M*e} (M — \) dS
—_———

>0 >0

=1

s;8; 1 — a*Ep)dS .

M@

i=1
(iv) The proof for the case min j—i ., A; > o works analogously with the matrix
e; &ker(M™)
M= M* + Xo(z) min{pt — trM*, elTM*el} (ekekT - elelT) .

Although the case trM* < p* includes trM* = p~, no problems occur, as either
there is a contradiction to min j—; ., A; > o or there exists an eigenvalue

ej&ker(M*)
A > 0 with an associated eigenfunction ey & ker(M*) and the proof of (iv) again
holds.
O
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